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The properties of the Hamiltonian developed in Paper II are studied showing that at a partiular
strain level a loalization phase transition ours haraterized by the emergene of onjugate
bands of oherently oriented raks. The funtional integration that yields the partition funtion
is then performed analytially using an approximation that employs only a subset of states in the
funtional neighborhood surrounding the most probable states. Suh integration establishes the free
energy of the system, and upon taking the derivatives of the free energy, the loalization transition
is shown to be ontinuous and to be distint from peak stress. When the bulk modulus of the grain
material is large, loalization always ours in the softening regime following peak stress, while for
suiently small bulk moduli and at suiently low onning pressure, the loalization ours in
the hardening regime prior to peak stress. In the approah to loalization, the stress-strain relation
for the whole rok remains analyti, as is observed both in experimental data and in simpler models.
The orrelation funtion of the rak elds is also obtained. It has a orrelation length haraterizing
the aspet ratio of the rak lusters that diverges as ξ ∼ (εc − ε)
−2
at loalization.
PACS numbers: 46.50.+a, 46.65.+g, 62.20.Mk, 64.60.Fr
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I. INTRODUCTION
In Paper II of this series, we obtained the Hamil-
tonian Ej(ε, εm) of a population of interating raks
whih is the energy neessary to lead a mesovolume of a
disordered-solid system from unraked and unstrained
initial onditions, to a nal rak state j at a maximum
imposed strain εm that is possibly dierent than the a-
tual strain ε if the system has been subsequently un-
loaded. Using this Hamiltonian, we prove here that at
a well-dened strain εc, the system undergoes a phase
transition to bands of oherently oriented raks.
To study the nature of this loalization transition, we
must evaluate the partition funtion Z from whih all
physial properties depending on the rak distribution
are obtained through dierentiation. In Paper I, it was
established that Z takes a standard form
Z(ε, εm, T ) =
∑
j
e−Ej(ε,εm)/T (1)
despite the fat that it derives from the initial quenhed
disorder in the grain-ontat strengths and has nothing
to do with utuations through time. The possible rak
states j for a mesovolume are dened by a loal order
parameter ϕ(x) distributed at eah ell x of a regular
square network of idential ells. The amplitude of ϕ(x)
orresponds to the length of a loal rak (always less
than ell dimensions), and its sign indiates its orienta-
tion (±45◦ relative to the priniple-stress axis).
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Our approah for performing the sum over states be-
gins by determining whih elds ϕ maximize the Hamil-
tonian. Beause the temperature in strain-ontrolled ex-
periments is negative, suh maximizing states are the
dominant terms in Eq. (1). Any hange in the nature
of the maximizing rak-elds or in the nature of the
Hamiltonian in their neighborhood (e.g., the vanishing
of a seond derivative) orresponds to a phase transition.
In Se. II, the loalization transition is identied and
the geometrial nature of the rak elds in the fun-
tional neighborhood surrounding the maximizing states
dened. In Se. III, we sum only over this subset of all
states to obtain an analytial approximation of Z. In Se.
IV, the free energy F = −T lnZ is dierentiated with re-
spet to ε and T to determine both the sustained stress
τ , the energy U , and the entropy S. In the approah to
loalization, no singularities are present in either F or
any of its derivatives with respet to strain or tempera-
ture whih demonstrates, among other things, that the
stress/strain relation is analyti up to (and inluding)
loalization. In Se. V, an external eld J is introdued
that ouples to ϕ permitting an autoorrelation funtion
to be obtained. All singularities at loalization are in
the seond (and higher) derivatives of F with respet to
J with the onsequene that the orrelation length di-
verges as ξ ∼ (εc − ε)−2.
II. PRINCIPLE OF THE TRANSITION
A. Extrema of the Hamiltonian
We now determine the most probable states by max-
imizing the Hamiltonian Ej(ε, εm) along the load path
2ε = εm. From the summary of Paper II, we have
Ej = E
0(εm) + (1− q)
{
Eav(εm)[ϕ] + E
int(εm)[ϕ]
}
where E0 is the energy of the intat material, Eav is
the energy due to the rak eld when rak interations
are negleted, and Eint is the energy due to rak in-
terations. The parameter q derives from the quenhed-
disorder distribution and is bounded as 1/2 ≤ q < 1.
That the Hamiltonian must be maximized and not
minimized omes from the temperature parameter being
negative as was quantitatively established in Se. IV of
Paper I. Beause we assume the system is intat before
strain is applied, it is a fat of our model that the intat
state is always the most probable. For this to hold true,
the temperature must be negative in strain-ontrolled ex-
periments beause the arrival of raks at onstant strain
always redues the energy in a mesovolume.
1. Mean-eld terms
A mean-eld simpliation of the model built in Paper
II would redue the Hamiltonian to the sole term
E0 + (1− q)Eav = 1
2
[
α∆2 + (1 − α)γ2]
−(1− q)ǫψ [κ2∆2 + κ3γ2]
where ∆ is the strain dilatation, γ the shear strain, and
α and κi are ombinations of the elasti moduli all as
dened in Paper II. The seond term is stritly negative
and represents the weakening of the rok due to the rak
porosity whih is proportional to ψ, the volume average
of the positive eld ψ = |ϕ|. Therefore this mean-eld
Hamiltonian is maximum when ψ = 0, whih uniquely
orresponds to the uniform intat state ψ = ϕ = 0.
2. Interation term
The interesting term is the interation energy Eint. As
dened in the summary of Paper II (the reader should
onsult this summary for the denition of all the terms
in what follows), Eint is a sum over wavenumbers k of
orthogonal quadrati forms involving Rk and Ik, whih
are vetors ontaining the k-spae Fourier modes of the
order-parameter elds ϕ and ψ. The sign of these forms
is determined by the sign of the two eigenvalues of the
symmetri matries Pk. For any k, at least one of the
eigenvalues is positive, sine [1, 0] · Pk · [1, 0]T = Lk =
∆2κ21(1 − αu2k) > 0 where 1/2 < α < 1 and uk is a
osine. To determine the sign of the seond eigenvalue,
it is suient to take the determinant of Pk. Using u
2
k +
v2k = 1, it is straightforward to show that
det |Pk| = ∆4κ41(1− α) [cvk + ω]2 . (2)
This is stritly positive for every k, exept when
vk = sin(2θk) = −ω/c (3)
in whih ase the determinant and seond eigenvalue
are zero. The vanishing of the determinant is thus in-
dependent of the norm of k, and takes plae at ei-
ther of two onjugate angles θ+k = arcsin(−ω/c)/2 or
θ−k = π/2− arcsin(−ω/c)/2 where θk represents the an-
gle between k and the rak-orientation vetor eˆ1. The
diretions in k-spae at whih the determinant vanishes
will be denoted by the unit vetors kˆ±. Thus, the ma-
tries Pk are positive denite; i.e., they have two stritly
positive eigenvalues, exept for those partiular waveve-
tors lying along one of the two diretions for whih they
beome positive degenerate. The eigenvetor of Pk asso-
iated with the zero eigenvalues is easily omputed to be
[1, −Mk/Lk]T .
The positive-denite quadrati forms of Eint are multi-
plied by a negative onstant whih implies that the max-
imum of Eint ours when ϕ˜k = ψ˜k = 0 for every non-
zero k with the exeption of those k satisfying Eq. (3).
At these degenerate angles, the Fourier modes of ϕ and
ψ are related as
ϕ˜k = − Lk
Mk
ψ˜k. (4)
Now, the denition of the auxiliary eld ψx = |ϕx| im-
poses a series of onstraints between ϕ˜k and ψ˜k. The
simplest is obtained by noting that the spae-integrals of
ϕ2 and ψ2 must be the same whih is equivalent to∑
k
(
ψ˜kψ˜−k − ϕ˜kϕ˜−k
)
= 0. (5)
For a rak-state maximizing Eint, this ondition further
requires that(
ϕ˜20 − ψ˜20
)
+
∑
k = kkˆ±
k 6= 0
(
1− M
2
k
L2k
)
ϕ˜kϕ˜−k = 0. (6)
It will be seen momentarily that along the diretions kˆ±,
the fators 1−M2
kkˆ±
/L2
kkˆ±
are equal, and that this quan-
tity is an inreasing funtion of the shear-strain parame-
ter ω = (κ3γ)/(∆κ1), starting at a stritly negative value
when ω = 0 (no shear deformation yet applied), and
reahing 0 at a partiular value ωc. For every wavevetor,
ϕ˜kϕ˜−k = ‖ϕ˜k‖2 is trivially positive, and the denition of
ψ also requires that ϕ˜20−ψ˜20 ≤ 0 for any rak state. From
Eq. (6), we an onlude that for ω < ωc, the only rak-
states maximizing the interation term Eint must satisfy
both ϕ˜20 = ψ˜
2
0 and, for every non-zero k, ϕ˜k = ψ˜k = 0.
Suh a maximum thus orresponds to a spatially uniform
rak eld.
At the degenerate point ω = ωc, the set of maximizing
rak states goes through a drasti hange. Any non-
zero Fourier mode of ϕ and ψ along the diretions kˆ± no
longer modies Eint so long as ϕ˜20 = ψ˜
2
0 ; i.e., so long as
the rak eld has the same sign over the entire mesovol-
ume. This degeneray of Eint at ω = ωc is at the origin
of the loalization phase transition.
3The ritial value ωc, and the orresponding waveve-
tors k for whih non-zero Fourier modes of ϕ and ψ do
not ontribute to Eint, are determined from the two on-
ditions
det(Pk) = 0 (7)
L2k −M2k = 0. (8)
Using the solution of Eq. (7) given by Eq. (3) in the
denitions of Lk and Mk given in the summary of Paper
II, Eq. (8) then beomes an equation for ωc[
ω2c −
(
c2 − 1)] [ω2c + (1 − α)α c2
]
= 0. (9)
From the denitions of Paper II, we have c > 1 while
1/2 < α < 1. Thus, Eqs. (7)(8) an only be satised by
ω = ω±c = ±
√
c2 − 1 (10)
sin(2θk) = −
(√
c2 − 1
)
/c. (11)
With a radial onning pressure maintained onstant,
and a positive shear stress τ
axial
> τ
radial
, the strain om-
ponents of the rok satisfy ε
axial
< ε
radial
and ε
axial
< 0
so that ω = (κ3/κ1)(εaxial − εradial)/(εaxial + εradial) is a
positive and monotonially inreasing funtion of the ax-
ial stress, until the rok possibly exhibits some positive
volumetri strain (we will later show that this does not
our prior to loalization), where this quantity diverges
to +∞ and inreases further starting from −∞. All of
this establishes that Eqs. (7) and (8) have no solution
until the rst solution ω = ω+c is reahed. At this par-
tiular strain value, non-zero Fourier modes of ϕ and ψ
having any wavevetor lying in one of the two diretions
dened by Eq. (11) an be added to a mesovolume with
no hange in the interation energy.
For quartz as the rok mineral,
κ1
κ3
ω+c =
(
ε
axial
− ε
radial
ε
axial
+ ε
radial
)
c
≃ 12,
so that we nd (ε
axial
/ε
radial
)c ≃ −1.2 at the transition.
Our model thus predits the loalization transition to o-
ur after a sign reversal of ε
radial
but prior to the point
where ∆ = ε
axial
+ ε
radial
hanges sign. These results
are onsistent with what is observed in usual triaxial me-
hanial experiments (e.g. [1, 2, 3℄).
It an now be algebraially veried using the deni-
tions of Lk andMk given in Paper II, that 1−M2kkˆ±/L2kkˆ±
does not depend on the norm k nor on whih of the two
diretions kˆ± is seleted. Further, it inreases monoton-
ially from a negative value to reah zero when ω = ω+c
(fats used in obtaining the above results).
B. Struture at the loalization transition
The goal here is to dene the geometri nature of the
states maximizing Eint at the strain point ωc. Nees-
sary onditions on the struture of the degenerate states
e^ e^
e^
axial
e^
radial
12
k^ k^+ -
c
1
FIG. 1: A part of the onjugate bands emerging at the rit-
ial strain. The bands perpendiular to kˆ+ are exlusively
omposed of right-inlined raks, while those perpendiular
to kˆ− ontain only left-inlined raks.
were just given and these are easily made into suient
onditions. First, the degenerate states must orrespond
to rak elds of onstant sign. They thus satisfy ev-
erywhere ψ = ϕ or ψ = −ϕ or, equivalently, ψ˜k = ϕ˜k
or ψ˜k = −ϕ˜k. Considering this together with the ne-
essary onditions of Eqs. (4) and (7), requires that the
degenerate states be one of two types: (1) ϕ > 0 ev-
erywhere and the only possible non-zero Fourier modes
of ϕ have wavevetor diretions that satisfy Nk/Mk =
Mk/Lk = −1; or (2) ϕ < 0 everywhere and the waveve-
tor diretions satisfy Nk/Mk = Mk/Lk = +1. Using
again the denitions of Lk, Mk, Nk given in the sum-
mary of Paper II, the rst type of degenerate mode orre-
sponds to wavevetors satisfying sin(2θk) = −
√
c2 − 1/c
and cos(2θk) = −1/c, while the seond type of mode
has the same sine requirement, but an opposite value
for the osine. Using kˆ+ to represent the wavevetor di-
retion orresponding to the rst ondition, and kˆ− the
wavevetor diretion for the seond ondition, we on-
lude that the emergent degenerate rak states onsist
either of right-inlined raks with spatial utuations
forming bands perpendiular to kˆ+, or of left-inlined
raks forming bands perpendiular to kˆ−. Suh geome-
try is skethed in Fig. 1.
These two sets of rak modes are onjugate to eah
other; i.e., symmetri to eah other under inversion of the
radial axis. Sine they beome statistially important as
ω → ωc, whereas the intat state or uniform states are the
important states prior to ωc, the system spontaneously
breaks its symmetry at the transition, whih is hara-
teristi of a ontinuous phase transition.
Further, the angle formed by these bands is at 45◦ −∣∣θ
kˆ−
∣∣
from the axial diretion. Using Eq. (11) and the
denitions of κ1 and κ2 in terms of the Lamé parameters,
it is found that this angle is typially between 15◦ and
35◦ depending on the rok mineral [4℄ onsidered whih
is onsistent with laboratory experiments.
4Finally, we note that these speial rak bands that
leave Eint unhanged, make a negative ontribution to
the Hamiltonian through the mean-eld energy Eav that
is proportional to ψ. Due to the r−D range of elasti
interations, Eint is independent of the norm of k (it de-
pends only on its orientation). Thus, the spatial variation
of the bands perpendiular to their lateral extent has no
inuene on Eint; it only aets Eav through the number
of raks present. For large systems and a narrow band
of only a few ell widths, ψ = Λℓ/ℓ2 = Λ/ℓ where Λ and
ℓ are the linear size of a ell (grain) and of a mesovolume.
Thus, suh a thin band makes a negligible ontribution
to ψ for large systems, and is energetially equivalent to
the intat state. However, states with numerous and/or
wide bands an make a non-negligible ontribution to ψ
and are, therefore, less probable. So this transition in-
deed orresponds to loalized strutures. Only those
states with a small number of small width bands along
the speial diretions are the statistially emergent ones
as is observed in atual experiments on roks.
III. OBTAINING THE PARTITION FUNCTION
The sum over rak states in Eq. (1) is equivalent to
the funtional integration
Z =
∫ (∏
x∈Ω
dϕx
)
e−E[ϕ,ε,εm]/T . (12)
Sine our Hamiltonian is expressed in terms of the Fourier
modes ϕ˜k, it is shown in standard textbooks [5, 6℄ that
Z further transforms to
Z =
∫
dϕ˜0
∏
k∈Υ
(dϕ˜Rk dϕ˜
I
k)e
−E[ϕ˜k,ε,εm]/T
(13)
where ϕ˜Rk and ϕ˜
I
k are the real and imaginary part of ϕ˜k,
and Υ is a half-spae of the set of the wavevetors or-
responding to the non-zero modes; i.e., orresponding in
2D to the disrete set (k1, k2) = (2πℓ/n1, 2πℓ/n2) with
(n1, n2) ∈ Z2. There is a small-wavelength uto given
by max(|n1|; |n2|) < ℓ/Λ that ensures that ϕ does not
vary on sales smaller than that of a ell, and there is
the arbitrary riterion k1 > 0 made to divide this spae
into two symmetrial parts. Equation (13) is valid up
to a multipliative onstant that has no physial impor-
tane sine the properties of a system orrespond to the
derivatives of the free energy F = −T lnZ.
An analyti approximation for Z is obtained by per-
forming the funtional integration over a properly hosen
subset of all the possible rak-states. The denition of
this subset is based on what was learned in the preeed-
ing setion; namely, that among the states having a given
non-zero rak oupation ψ, the most probable are the
uniform states, and preisely at the phase transition, er-
tain banded states may arrive at almost no energy ost,
and these emergent states also have the same sign over
spae. Thus, the geometrial harateristi of all suh
states in the funtional neighborhood of the minimiz-
ing state is that in eah one, all raks are oriented in the
same diretion (either left or right). This property justi-
es making a so-alled onstant-sign (or mean-phase)
approximation for the partition funtion in whih only
those states in whih the sign does not hange in spae
will be onsidered. This still inludes a huge range of
states in whih ϕ spatially varies. The exluded states in
this approximation are guaranteed to have lower proba-
bilities than the inluded ones and, as suh, should have
a negligible inuene on the physial properties of the
system. In this aproximation, the Fourier modes of the
auxiliary ψ eld are trivially related to those of ϕ as ei-
ther ψ˜k = ϕ˜k for the positive states, or ψ˜k = −ϕ˜k for
the negative states.
We now resale the temperature as T = ΛDT ′/ℓD.
From the denition T = ∂U/∂S and the fat that U is
an energy density independent of ℓ while S is extensive
and thus inreases as ℓD, we have that T sales as ℓ−D.
In taking the thermodynami limit in what follows, it is
onvenient to work with the purely intensive parameter
T ′ (that is independent of ℓ ). Our partition funtion
within the onstant-sign approximation then takes the
form
Z≃
∫
+
Dϕ exp
{
−ℓD
ΛDT ′
[
d+e
(
ϕ˜0
ℓD
)
+
∑
k∈Υ
w+(k)
∣∣∣∣ ϕ˜kℓD
∣∣∣∣2
]}
+
∫
−
Dϕ exp
{
−ℓD
ΛDT ′
[
d+e
(
ϕ˜0
ℓD
)
+
∑
k∈Υ
w−(k)
∣∣∣∣ ϕ˜kℓD
∣∣∣∣2
]}
(14)
where Dϕ is a ompat notation for the funtional mea-
sure dϕ˜0
∏
k∈Υ(dϕ˜
R
k dϕ˜
I
k), and where
∫
+ and
∫
− represent
integration over the subsets of ϕ elds that are every-
where either positive or negative. The quantities d, e
and w± are dened in the summary of Paper II as
d =
1
2
[
α∆2 + (1− α)γ2] (15)
e = − ǫ
2
[
κ2(∆
2 − q∆2m) + κ3(γ2 − qγ2m)
]
(16)
w±(k) = − ǫ
2
(1 − α) [(Lk ± 2Mk +Nk) (ε)
−q (Lk ± 2Mk +Nk) (εm)] . (17)
Reall that the values of the atual strain ε intervening
in the probability distribution and in the partition fun-
tion are those along the load urve for whih ε = εm.
Their formal distintion only plays a role when par-
tial derivatives of the free energy are taken to dene
stress. We note then that the value of w± at ε = εm
is w± = −(1−q)ǫ2[1,±1]·P (k)·[1,±1]T/(1−α) and sine
we have shown that P is a positive-denite matrix, and
that the temperature T ′ is negative, we have that w±/T ′
in Eq. (14) is stritly positive.
The symmetry of the problem under the parity trans-
formation (inversion of the radial axis) guarantees that
5both integrals in Eq. (14) are equal. Aordingly, only
the rst integral over positive rak states will be treated.
This integral separates into produts of Gaussian in-
tegrals with the only remaining oupling between the
Fourier modes oming from the ompliated onstraints
on the integration domain boundaries that are what guar-
antee ϕ to have the same sign everywhere in real spae,
and ψ to lie within [0, 1]. But in order to study any
singular behavior of the free energy F in the viinity of
loalization, Z is determined in the thermodynami limit
in whih both the system size and mesovolume size ℓ are
taken to be innite. In this limit, the ompliated inte-
gration bounds in k-spae are not relevant. The integra-
tion an be arried out entirely on R
+
for ϕ˜0/ℓ
D
, and R
for eah of the variables ϕ˜Rk /ℓ
D
, ϕ˜Ik/ℓ
D
without hang-
ing the result beause the ontribution to these integrals
in the thermodynami limit omes from the immediate
neighborhood of ϕ˜0/ℓ
D = 0 and ϕ˜k/ℓ
D = 0.
A tehnial proof of this an be obtained as follows:
using R
+
and R as the integration domains produes
an upper bound for Z sine this inludes every posi-
tive rak-eld. A lower bound an be obtained by re-
duing the integration domain to a subset of the set
of all positive rak-elds in whih 0 < ϕ˜0 < ℓ
D
and∑
k∈Υ
(∣∣ϕ˜Rk ∣∣+ ∣∣ϕ˜Ik∣∣) ≤ min[ϕ˜0/√2, (ℓD − ϕ˜0)/√2]. Inte-
grating mode by mode over this polyhedra, the result an
be shown to be asymptotially equivalent to the result of
the upper bound in the limit where ℓD beomes innite.
This exerise is left to the attention of the reader.
Thus, no oupling between the k modes exists in the
thermodynami limit, and our approximation of the par-
tition funtion takes the onvenient form
Z ≃ 2z0z1
∏
k∈Υ
[
z(k)2
]
(18)
where z0 = e
−ℓDd/ΛDT ′
and
z1 =
∫
x∈R+
dx e−ℓ
Dex/ΛDT ′
(19)
z(k) =
∫
x∈R
dx e−ℓ
Dw+(k)x2/ΛDT ′ . (20)
In the limit ℓ→ +∞, these two integrals beome
z1 ∼ ΛDT ′/
(
ℓDe
)
(21)
z(k) ∼
√
πΛDT ′/ [ℓDw+(k)]. (22)
Using Eq. (18), one then obtains the free-energy density
in the thermodynami limit
F = −T ′(lnZ)ΛD/ℓD
∼ d+ Λ
DT ′
ℓD
∑
k∈Υ
ln
(
ℓDw+(k)
ΛDT ′
)
. (23)
The ontribution z1 has vanished in this limit due to
the fat that x ln x → 0 as x → 0. This is a tehnial
onsequene of the fat that for states omposed of a few
single bands, ψ¯ vanishes in the thermodynami limit, as
ommented upon in the previous setion.
IV. SYSTEM PROPERTIES AT LOCALIZATION
The remaining task is to link this free energy to the ob-
servables of the system by taking the partial derivatives
of F in the limit as loalization is approahed.
The two partial derivatives of primary interest are
those that give the dimensionless entropy density s =
ΛDS/ℓD and the stress τ . From Paper I, we have
−s = ∂F
∂T ′
∣∣∣∣
ε,εm
and τ =
∂F
∂ε
∣∣∣∣
T ′,εm
.
The free energy of Eq. (23) is rewritten by replaing the
sum over the wavevetors
∑
k∈Υ with a ontinuous in-
tegral ℓD/(2π)D
∫ 2π/Λ
0
k dk
∫ π
0
dθ. After performing the
trivial integration over dk we have
F = d+
T ′
2
[
I − π ln
(
−Λ
DT ′
ℓD
)]
(24)
where I is the integral
I =
∫ π/2
−π/2
ln(−w+)dθ. (25)
The integrand w+ is a temperature-independent strain
funtion so that −∂F/∂T ′ gives
s = −I
2
+
π
2
[
1 + ln
(
−Λ
DT ′
ℓD
)]
(26)
while from F = U − T ′s
U = d+
π
2
T ′. (27)
Sine d represents the linear elasti response of an in-
tat rok, and T ′ dereases from zero to negative values
as damage aumulates, this expression shows that the
average energy dereases due to the presene of raks
and is thus onsistent with the negative urvature of the
strain/stress load urve observed experimentally.
Before addressing how s and F (and their derivatives)
behave at loalization, we rst establish the stress and
temperature behavior at loalization.
A. Mehanial behavior at loalization
Consider the stress omponents σ = −2∂F/∂γ and
p = −2∂F/∂∆ where σ (shear stress) and p (pressure)
are both positive and related to the axial and radial stress
omponents as
−σ = τa − τr, and − p = τa + τr. (28)
In standard lab experiments, the axial stress τa varies
while the radial stress τr = −pr is kept onstant. The
6strain omponents γ (shear strain) and ∆ (dilatation) are
similarly related to the axial and radial strain as
γ = εa − εr, and ∆ = εa + εr. (29)
Using the denition of w+ [Eq. (17)℄ along with the def-
initions of Lk, Mk and Nk given in the summary of
Paper II, we dierentiate the integral I with respet to
the atual strain variables, evaluate along the load path
(∆m = ∆ and γm = γ), use the denition ω = ω3γ/∆
with the new onstant ω3 = κ3/κ1 and make the hange
of integration variables z = tan−1 θ to obtain exatly
∂γI =
ω3
(1− q)∆∂ωI (30)
∂∆I =
1
(1− q)∆ (2π − ω∂ωI) (31)
where q = 1 − 1/(k + 2) is the onstant assoiated with
the exponent k ≥ 0 of the quenhed disorder distribution,
and the integral ∂ωI is dened
∂ωI =
∫ +∞
−∞
∂ωg
g
dz
1 + z2
(32)
with g(ω, z) given by
g(ω, z) = [1− α− 2(1− α)c+ (1 − α)c2 + ω2]z4
+[4αω + 4(1− α)cω]z3
+[2 + 2α+ 2(1− α)c2 − 2(2α− 1)ω2]z2
+[−4αω + 4(1− α)cω]z
+1− α+ 2(1− α)c+ (1− α)c2 + ω2. (33)
Thus, the shear stress and pressure an be written
σ = −2(1− α)γ − T
′
∆
ω3
(1− q)∂ωI(ω) (34)
−p = 2α∆+ T
′
(1 − q)∆ [2π − ω∂ωI(ω)] . (35)
The integral ∂ωI is solved using the residue theorem one
the roots z of the quarti g(ω, z) have been found.
This quarti deomposes into the exat form
g(ω, z) = [z − ζ(ω)][z − ζ∗(ω)]u(ω, z) (36)
u(ω, z) = ρ(ω)[z − ξ(ω)][z − ξ∗(ω)] (37)
where the star indiates taking the omplex onjugate.
The roots ζ(ω) and ζ∗(ω) both merge to the real axis in
the approah to loalization ω → ωc, while the other two
roots ξ(ω) and ξ∗(ω) remain omplex at loalization.
There are thus three simple poles ζ(ω), ξ(ω) and i
ontributing to ∂ωI if the loop is losed in the upper-half
z plane so that the residue theorem yields
∂ωI
π
=
∂ωg(ζ)
ℑ{ζ}u(ζ)[1 + ζ2] +
∂ωg(ξ)
ρℑ{ξ}[ξ − ζ][ξ − ζ∗][1 + ξ2]
+
∂ωg(i)
[i− ζ][i − ζ∗]u(i) (38)
where ℑ{ } designates taking the imaginary part. We are
interested in evaluating this integral (and therefore the
roots ζ and ξ and the funtion ρ) only in the approah
to loalization; i.e., when δω = ω−ωc an be onsidered
small. In this limit, the seond and third terms of Eq.
(38) (the residues from ξ and i) have numerators and de-
nominators that are both order 0 in δω so that it sues
to know the behavior
ξ(ω) = ξ0 + ξ1δω (39)
ρ(ω) = ρ0 + ρ1δω. (40)
However, the residue related to ζ is proportional to δω
in both the numerator and denominator whih requires
knowledge of this root to seond order
ζ(ω) = ζ0 + ζ1δω + ζ2δω
2. (41)
The various strain-independent onstants ξi, ρi, and ζi
are all known groupings of the elasti onstants derived
from Eqs. (33), (36) and (37). The nal result for the
integral after an enormous algebrai redution is
∂ωI = Ic + I1δω (42)
where the onstants Ic and I1 are exatly
Ic = 2π
√
c2 − 1
c2
and I1 = 2π
2− c2
c4
. (43)
1. Stress and strain at loalization
The shear stress and pressure may be written
σ = σ0 + σ
int
and p = p0 + p
int
where σ0 = −2(1 − α)γ and p0 = −2α∆ are the trivial
linear variations of the unraked material. We have just
shown that at loalization (δω = 0), the non-trivial shear
stress due to raks and rak interation is
σintc = −
2πω3T
′
c
(1− q)∆c
√
c2 − 1
c2
< 0 (44)
while the non-trivial pressure is
pintc = −
2πT ′c
(1− q)∆cc2 < 0. (45)
That these ritial values are both negative follows be-
ause T ′c (saled temperature at loalization) is nega-
tive and ∆c (total dilatation at loalization) will soon
be shown to be negative. Equations (44) and (45) say
that the presene of raks has lowered both shear stress
and pressure relative to an intat material at the same
strain. This is indeed what is observed in experiments.
To quantify the nature of ∆c, we use that the onn-
ing pressure pr is a known positive onstant in standard
experiments on roks so that
pr = −α∆c + (1− α)γc − T
′
c[2π − (ωc + ω3)Ic]
2(1− q)∆c . (46)
7Together with ωc = ω3γc/∆c, this represents an equation
for ∆c[
α− (1− α)ωc
ω3
]
∆2c + pr∆c +
T ′c [2π − (ωc + ω3)Ic]
(1 − q) = 0.
(47)
Beause T ′ varies with strain, we have that T ′c is also
a funtion of ∆c so that Eq. (47) is more than a sim-
ple quadrati in ∆c. To obtain an order-of-magnitude
estimate of T ′c, we use the approximate temperature ex-
pression based on non-interating raks
1
T ′c
= − 2Λ
2
d2m(1− q)[κ2 + κ3(ωc/ω3)2]∆2c
× ln
{[
2Γ
(λ+ 2µ)dm∆2c [κ2 + κ3(ωc/ω3)
2]
]q/(1−q)
− 1
}
.(48)
After putting Eq. (48) into Eq. (47), ∆c is numerially
determined using Newton's method. The predited ∆c is
negative for the range of onning pressure pr of inter-
est and remains negative for all ranges of elasti moduli
found in roks. The signs of the various terms in Eq.
(47) imply that the transition happens when the tem-
perature has suiently departed from zero, but is still
negative. Typial results from the numerial evaluation
are T ′c ∼ −10−2(λ + 2µ), whih onrms the rough esti-
mate given in Se. V of Paper II. The typial value for
∆c is a few perent; i.e., the order of magnitude experi-
mentally observed at peak stress.
The onlusion is that at loalization, both dilatation
∆c and shear strain γc = ωc∆c/ω3 are negative while
|γc| ≫ |∆c|. This demonstrates that the radial strain
εr = ∆c − γc is positive at loalization, whih is also
onsistent with experimental observations.
2. Stress, strain, and temperature derivatives at loalization
We now address how the stress and strain omponents
as well as the temperature are hanging with the negative
of axial strain ε = −εa = −(∆ + γ)/2 at loalization.
In the approah to loalization we write ∆ = ∆c+ δ∆,
γ = γc + δγ, and T
′ = T ′c + δT
′
using the exat dif-
ferential equation for temperature to dene δT ′ in what
follows (not the approximation). The ondition that pr
is onstant requires that
δ∆
{
−α+ T
′
c [2π − (2ωc + ω3)Ic − (ωc + ω3)ωcI1]
2(1− q)∆2c
}
+δγ
{
1− α+ T
′
cω3 [Ic + (ωc + ω3)I1]
2(1− q)∆2c
}
− δT
′
2(1− q)∆c {2π − (ωc + ω3)Ic} = 0
whih along with −2δε = δ∆+ δγ gives
1
2
d∆
dε
=
2(1− q)(1− α)∆2c/T ′c + ω3 [Ic + (ωc + ω3)I1] + ∆c/(2T ′c) [2π − (ωc + ω3)Ic] dT ′/dε
−2(1− q)∆2c/T ′c + 2π − 2(ωc + ω3)Ic − (ωc + ω3)2I1
(49)
1
2
dγ
dε
=
2(1− q)α∆2c/T ′c − 2π + (2ωc + ω3)Ic + (ωc + ω3)ωcI1 −∆c/(2T ′c) [2π − (ωc + ω3)Ic] dT ′/dε
−2(1− q)∆2c/T ′c + 2π − 2(ωc + ω3)Ic − (ωc + ω3)2I1
. (50)
To obtain an exat expression for dT ′/dε (within the ontext of having employed the mean-phase approximation), we
use the formalism of Se. IV. A of Paper I to write[
∂T ′U +
(
∂∆U + ∂∆mU +
p
2
)
∂T ′∆+
(
∂γU + ∂γmU +
σ
2
)
∂T ′γ
] dT ′
dε
+
(
∂∆U + ∂∆mU +
p
2
)
∂ε∆+
(
∂γU + ∂γmU +
σ
2
)
∂εγ = 0. (51)
Using Eq. (27) for U , we have ∂T ′U = π/2, ∂∆U = α∆ = −p0/2, ∂γU = (1−α)γ = −σ0/2, ∂∆mU = 0, and ∂γmU = 0
so that the temperature derivative at loalization is given by
1
2
dT ′
dε
=
[(2π − ωcIc)(1 − α) + ω3Icα] 2(1− q)∆c + ω3(ωc + ω3)(2πI1 + ω3I2c )T ′c/∆c
−[2π − (ωc + ω3)Ic]2 + (1− q)π [−2(1− q)∆2c/T ′c + 2π − 2(ωc + ω3)Ic − (ωc + ω3)2I1]
. (52)
This derivative is numerially alulated to be nite and
negative for the ranges of elasti moduli and radial on-
ning pressures of interest, thus indiating that the lo-
alization transition always preeeds the phase transi-
tion where the temperature diverges to −∞. Sine roks
fail immediately after loalization, the temperature-
divergene transition is not observed in rok experiments.
Last, we determine the variation of the stress ompo-
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FIG. 2: The loalization value of the axial tangent modulus
dσ/dε as a funtion of the radial onning pressure pr. The
three urves represent dierent assumed bulk moduli for the
mineral. The other rok properties are Γ = 10 J/m2, dm =
10µm, µ = 15 GPa, and q = 3/4.
nents with axial strain ε at loalization. Sine pr is on-
stant, we have that dp/dε = dσ/dε = −dτa/dε. These
derivatives dene the so-alled tangent modulus given
by
1
2
dσ
dε
= − ω3
2(1− q)
Ic
∆c
dT ′
dε
+
T ′cω3(Ic + ωcI1)
2(1− q)∆2c
d∆
dε
−
[
(1− α) + T
′
c
2(1− q)∆2c
ω23I1
]
dγ
dε
(53)
where the derivatives d∆/dε, dγ/dε, and dT ′/dε have
been given above.
In Fig. 2, we plot how dσ/dε varies with radial on-
ning pressure for various values of the elasti onstants.
The plot shows that for a suiently large ratio of bulk
to shear modulus, the axial pressure is always dereasing
at loalization, whih means that it has already passed
through the stress maximum. However, for suiently
small bulk moduli and at low onning pressures, lo-
alization an also our prior to peak stress. Thus,
peak stress and loalization are distint in our theory.
Loalization an our in either the hardening or soft-
ening regime depending on the bulk modulus and on-
ning pressure. When loalization ours in the soften-
ing regime (large bulk modulus), the strain/stress urve
around peak stress is neessarily an analyti (quadrati)
funtion, whereas when it ours in the hardening regime
(small bulk moldulus with small onning pressure), the
peak stress presumably orresponds to a sharper varia-
tion as miroraks start to oalese along a weakened
band and unstable failure sets in. These preditions are
onsistent with the experimental observations.
B. Entropy and its derivatives at loalization
The exat result ∂ωI = Ic + I1δω with Ic and I1 as
given by Eq. (43) means that the integral I of Eq. (25) is
itself both nite and ontinuous in the limit as δω → 0.
Beause it has further been shown that T ′ remains nite
and ontinuous at loalization, Eqs. (24) and (26) then
show that both the free energy and the entropy (and all of
their derivatives with respet to strain) remain nite and
ontinuous as δω → 0. This demonstrates exatly that
the loalization transition is a ontinuous phase transi-
tion and allows us to lassify it as a ritial point.
V. CORRELATION FUNCTION
A. Derivation of a diverging orrelation length
The qualitative study of Se. II B lead to the onlu-
sion that the loalization transition is assoiated with
the reation of onjugate bands of oherently oriented
raks. In this nal setion, the statistial orrelation
between raks will be quantitatively addressed.
The autoorrelation funtion is dened
G(x,y) = 〈ϕ(x)ϕ(y)〉 − 〈ϕ(x)〉 〈ϕ(y)〉 (54)
and will be determined using a standard method of sta-
tistial mehanis [5, 6, 8℄. First, the Hamiltonian E[ϕ]
is generalized to inlude an additional oupling of the lo-
al eld ϕ(x) with an aribitrary eld J(x) oming from
some external soure
E′[ϕ, J ] = E[ϕ]−
∫
x∈Ω
dDx J(x)ϕ(x). (55)
The partition funtion beomes then a funtional of the
external eld
Z[J ] =
∫ ∏
x∈Ω
(dϕx)e
−E′[ϕ,J]/T
(56)
and the averages involved in Eq. (54) are obtained by
taking funtional derivatives of Z[J ] with respet to J
and then letting the external eld go to zero; i.e.,
〈ϕ(x)〉 = lim
J→0
T
Z
δZ
δJ(x)
(57)
〈ϕ(x)ϕ(y)〉 = lim
J→0
T 2
Z
δ2Z
δJ(x)δJ(y)
. (58)
Sine the original Hamiltonian is most easily handled in
Fourier form, the external oupling will be expressed as
−
∫
x∈Ω
dDx J(x)ϕ(x) =
− 1
ℓD
(
J˜0ϕ˜0 + 2
∑
k∈Υ
J˜Rk ϕ˜
R
k + 2
∑
k∈Υ
J˜Ikϕ˜
I
k
)
(59)
9where the supersripts R and I refer one again to the
real and imaginary part of a omplex quantity. The fun-
tional derivatives relative to J(x) must then be expressed
by their ounterparts in Fourier spae
δ
δJ(x)
=
∑
k∈Υ∪{0}
(
δJ˜Rk
δJ(x)
∂
∂J˜Rk
+
δJ˜Ik
δJ(x)
∂
∂J˜Ik
)
=
∑
k∈Υ∪{0}
(
cos(k·x) ∂
∂J˜Rk
− sin(k·x) ∂
∂J˜Ik
)
.(60)
The modied partition funtion will again be determined
using the onstant-sign approximation, but now the pres-
ene of the external eld breaks the symmetry between
the sum over positive and negative rak-elds, so that
both terms need to be kept in the generalization of Eq.
(14). This leads to a slightly more ompliated version
of Eq. (18) for the expression of Z in the thermodynami
limit
Z ≃ z0
{
z+1
∏
k∈Υ
[
z+R(k)z
+
I (k)
]
+ z−1
∏
k∈Υ
[
z−R(k)z
−
I (k)
]}
(61)
where z0 is again the trivial intat term, and where
z±1 =
∫
x∈R+
dx e−(eℓ
D±J˜0)x]/ΛDT ′
(62)
z±R (k) =
∫
x∈R
dx e−[−2J˜
R
k
x+ℓDw±(k)x2]/ΛDT ′
(63)
with z±I (k) having the same form as z
±
R(k) after repla-
ing J˜Rk with J˜
I
k. In the following, the forms implying
derivatives with respet to J˜Ik are to be impliitly un-
derstood as having the same form as their ounterpart
with respet to J˜Rk (this imaginary omponents will not
be expliitly written out).
The integrals are easily performed giving
z±1 = Λ
DT ′/
[
eℓD ± J˜0
]
(64)
z±R (k) = exp

(
J˜Rk
)2
ΛDℓDw±(k)T ′

√
πΛDT ′
ℓDw±(k)
. (65)
The rst derivatives of Z with respet to the external
eld are then
∂Z
∂J˜0
= z0
{
− Λ
DT ′
(eℓD + J˜0)2
z+1
∏
k∈Υ
[
z+R(k)z
+
I (k)
]
+
ΛDT ′
(eℓD − J˜0)2
z−1
∏
k∈Υ
[
z−R(k)z
−
I (k)
]}
(66)
∂Z
∂J˜Rk
= z0
{
z+1
∏
k∈Υ
2J˜Rk
ΛDℓDw+(k)T ′
[
z+R(k)z
+
I (k)
]
+z+1
∏
k∈Υ
2J˜Rk
ΛDℓDw−(k)T ′
[
z−R(k)z
−
I (k)
]}
.(67)
Letting the external eld go to zero, both of these terms
disappear, so that using the hain rule of Eq. (60), the
average of the rak variable ϕ at any point x in a meso-
volume is given by Eq. (57) to be
〈ϕ(x)〉 = 0.
As expeted, there is no spontaneous symmetry breaking
prior to the transition.
Consequently, the autoorrelation funtion redues to
only the seond derivatives of Z in Eq. (58). Dierenti-
ating Eqs. (66)(67) with respet to J˜0, J˜
R
k′ and J˜
I
k′ , and
taking the limit where J goes uniformly to zero leads to
∂2Z
∂J˜Rk ∂J˜
R
k′
=
∂2Z
∂J˜Ik∂J˜
I
k′
=
[
1
w+(k)
+
1
w−(k)
]
2Z0δkk′
ΛDℓDT ′
∂2Z
∂J˜20
=
2ΛDT ′
ℓ3De3
Z0
where Z0 = Z[0] is the original partition funtion without
external soure. All the remaining ross-derivatives go to
zero
∂2Z
∂J˜Rk ∂J˜
I
k′
=
∂2Z
∂J˜Rk ∂J˜0
=
∂2Z
∂J˜Ik∂J˜0
= 0.
Through the hain rules of Eq. (60), these equalities show
that the autoorrelation funtion has the form G(x;y) =
G(x − y) due to the symmetry of the problem under
translation for an innite system. The Fourier transform
G(x;y) =
∑
k G˜ke
ik·(x−y)/ℓD is thus given by
G˜k = 2Λ
DT ′
[
1
w+(k)
+
1
w−(k)
]
(68)
when k 6= 0. The speial value G˜0 = 2Λ3DT ′3/e3ℓ3D
does not play any role in the thermodynami limit.
In real spae, the autoorrelation funtion is obtained
by an inverse Fourier transform
G(x) =
1
4π2
∫ 2π/Λ
0
kdk
∫ 2π
0
dθG˜(k)eik·x. (69)
Using G˜(−k) = G˜(k) whih is a onsequene of w± being
π-periodi funtions, and working in polar-oordinates
x = (x, θx) and k = (k, θ), the angular integral is divided
into two symmetri domains whih gives
G(x, θx) =
∫ 2π/Λ
0
kdk
2π2
∫ θx+π
θx
dθG˜(k, θ) cos [kx cos (θ − θx)]
Sine w± and therefore G˜ only depend on the angular
part of k, the integral over k = |k| yields
G(x, θx) =
∫ θx+π
θ=θx
dθ
G˜(θ)
2π2
·
×
[
2π
Λx cos(θ − θx) sin
(
2πx cos(θ − θx)
Λ
)
+
1
x2 cos2(θ − θx)
{
cos
(
2πx cos(θ − θx)
Λ
)
− 1
}]
.
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For x≫ Λ, this integral is dominated by a neighborhood
of θ = θx+π/2, of angular size c1Λ/x with c1 a onstant
of order unity. The funtion G˜(θ) is almost onstant
over this small neighborhood, and this integral an be
well approximated as
G(x, θx) =
G˜(θx + π/2)
Λ2
IG
( x
Λ
)
with the dimensionless integral IG dened as
IG(u) = 2π
2
∫ π
θ=0
dθ
[
2π sin (2πu cos(θ))
u cos(θ)
+
{cos (2πu cos(θ))− 1}
u2 cos2(θ)
]
.
An asymptoti study of this osillating integral for u≫ 1
shows that IG(u) ∼ c2/u, with c2 a positive onstant of
order unity. Reformulating Eq. (68) with
h(θ) = 2c2T
′
[
1
w+(θ + π/2)
+
1
w−(θ + π/2)
]
(70)
gives the real spae autoorrelation funtion in the form
G(x, θx) ∼ h(θx)Λ
x
. (71)
This establishes that along any diretion, the autoor-
relations deay as Λ/x (for two points separated by a
signiant number of grains, x≫ Λ).
Conerning the angular dependene of G, the sym-
metry of the system under parity leads to w−(θ) =
w+(π/2−θ) (whih an also be veried diretly from the
denitions of w± and the dependanies of Lk,Mk, Nk on
uk = cos(2θ) and vk = sin(2θ) given in paper II, together
with the fat that the parity symmetry keeps v onstant
but hanges the sign of u). This, along with the π peri-
odiity of w±, shows that G is symmetri under parity;
i.e., G(x, π/2 − θx) = G(x, θx).
The angular dependene is best shown by onsidering
urves of iso-orrelations G(x, θx) = c3 where c3 is on-
stant along a urve. Suh urves obey x = Λh(θx)/c3.
The diret study of the funtion w+ shows that it admits
quadrati maxima along the diretions θ+[π], saling as
max(w+) = w+(θ+[π]) = −a(δω)2 when the transition is
approahed, where a is a positive onstant. This omes
from the fat that Eint is degenerate exlusively for the
ritial angles θ±, at redued strain ωc. Outside a small
neighborhood of θ+[π], w+ remains bounded. The de-
nition of h and the exhange under parity of w± shows
then that suh an iso-orrelation urve has four branhes
(spikes) along the diretions ±θ+ ± π/2, whose extent ξ
diverge to +∞ as
ξ ∼ 2Λ(−T ′) c2
ac3
(ωc − ω)−2 ∼ c4Λ(εc − ε)−2. (72)
The fat that w+ remains bounded outside any small
neighborhood of θ+[π] also means that the width ρ of
ρ
ξ∼(ε  − ε)
c
−2
iso−G
FIG. 3: Form of an iso-autoorrelation urve in the approah
to the loalization transition.
the branhes remains nite; i.e., that the aspet ratio of
the branhes ξ/ρ also diverges as (εc−ε)−2. This is qual-
itatively illustrated in Figure 3. This predition an be
interpreted as orresponding to the formation of lusters
of miroraks having aspet ratios ξ/ρ that diverge as
the raks organize into long thin strutures along whih
the sample will ultimately fail to form the experimentally
observed shear bands.
B. Experimental measurement of ξ
It would ertainly be desirable to have diret experi-
mental veriation of whether the rak bands have as-
pet ratio that diverge as 1/(εc − ε)2. Unfortunately,
there are many pratial problems that have prevented
the diret measurement of the autoorrelation funtion
of raks in materials like roks. We omment here on
three types of measurements that either have or ould be
used to quantify the autoorrelation.
First, following ideas used by Davy and Bonnet [9℄ in
interpreting their sandbox shear experiments, one an
measure the loal deformation of a large sample by ov-
ering the surfae with pixels and montoring the shear
strain of eah pixel. The total shear strain of the sys-
tem is then approximated by taking the average over the
surfae pixels. If the system deformation is plotted as
a funtion of the pixel size, it is expeted that when the
pixels are smaller than the emergent band strutures, the
system deformation will derease as a powerlaw of in-
reasing pixel size as was observed by Bonnet and Davy.
However, at a partiular pixel size there is a ross over
to a onstant system deformation as pixel size inreases.
The pixel size at the ross-over point is at least an indi-
ret measurement of the orrelation length ξ above whih
a volume-averaged desription of the system holds with
properties independent of the pixel size.
Seond, a diret measurement of the autoorrelation
between raks an in prinipal be obtained via aousti-
emissions monitoring [10℄. However, the present resolu-
11
tion of this method (millimeters in entimeter-sale spe-
imens) and the diulty in determing the mode of the in-
dividual rak events prevents having a satisfatory sam-
pling for statistial analysis. It seems that improvements
on these present limitations are possible.
Last, by analogy with the probing of spin pop-
ulations by eletromagneti waves to study the
ferro/paramagneti transitions, it should be possible to
send plane sound waves through a system and measure
the sattering ross-setion as the waves satter from the
struture of the evolving mirorak population. We have
not yet obtained the rigorous onnetion between suh a
measured ross-setion and the Fourier-transform of our
autoorrelation funtion; however, suh a relation almost
ertainly exists. No experimental attempts to measure
the orrelation funtion of raking systems in this man-
ner has been attempted to our knowledge.
VI. CONCLUSION
We now summarize the prinipal results that have
emerged in our study. First, we have demonstrated that
at a well-dened strain point ω = ωc, thin bands of o-
herently oriented raks an be added to the system at
no energeti ost. Suh loalized strutures break the
symmetry that held when ω < ωc and orrespond to a
phase transition that we named the loalization transi-
tion. It was demonstrated that the free energy F and
entropy of the system remain ontinuous and nite at the
loalization transition whih justies alling it a ritial-
point phenomena. Suh ontinuity also demonstrates
that the stress/strain behaviour of the rok is entirely
analyti up to and inluding loalization. The only di-
vergene at loalization is in the seond derivatives of F
with respet to the external eld J . The onsequene is
that the orrelation length (aspet ratio) of the emergent
rak lusters diverges as (ωc − ω)−2. Presumably, if the
mean-phase approximation had not been invoked and
if order-parameter ontributions proportional to ϕ3 and
higher had been retained in the Hamiltonian through a
renormalization sheme, then a non-trivial exponent on
this saling law might emerge.
The mehanial behavior of the system at loalization
exhibits many qualities observed in atual experiments
on roks. First, the stress omponents at loalization
are redued relative to their values if the rok had re-
mained intat. The total dilatation ∆c remains nega-
tive at loalization, even though the radial strain is posi-
tive. With radial onning stress kept onstant, the tan-
gent moduli dσ/dε are, most normally, negative at loal-
ization indiating that the load urve has already gone
through a smooth quadrati peak stress prior to loaliza-
tion. Nonetheless, for roks with a suiently low bulk
modulus and at suiently low onning pressures, the
loalization an our in the hardening regime, presum-
ably followed by a sharp peak stress orresponding to the
unstable oalesene of raks as the sample fails along
a shear band. These results are onsistent with what
experimentalists observe.
Using the exat dierential equation that ontrols the
temperature in the theory, it has been demonstrated that
the temperature is beoming even more negative at lo-
alization whih means that the temperature is always
nite at loalization. Unfortunately, the exat value Tc
of the temperature at loalization is diult to obtain
beause it is a result of integrating the dierential equa-
tion from the initial onditions. Although this ould be
done numerially, we have instead used an approximate
value of Tc based on a non-interating rak model.
By far the most important signature of the loalization
transition is the divergene of the aspet ratio of the rak
lusters. As reported, no denitive experimental work
has yet been performed to test this predition and we
hope that experimentalists take this as a hallenge.
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